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REMARKS ON SPECTRAL MULTIPLIER THEOREMS 

ON HARDY SPACES 
ASSOCIATED WITH SEMIGROUPS OF OPERATORS 

JACEK DZIUBANSKI AND MARGIN PREISNER 



Abstract. Let L be a non- negative, self-adjoint operator on L'^{Q,), where (f2, d, fi) 
is a space of homogeneous type. Assume that the semigroup {rt}f>o generated by 
— L satisfies Gaussian bounds, or more generally Davies-Gaffney estimates. We say 
that / belongs to the Hardy space Hj^ if the square function 

\ 1/2 



oo 

C ! 



belongs to d/j,), where r(a::) = {(y,t) G x (0, oo) : d{x,y) < t}. We prove 

(-H ^ spectral multiplier theorems for L on iif^. 

> 

B;. 

1. Introduction. 

(N ; 

I A classical Hormander multiplier theorem [37] asserts that if m is a bounded 

function on R*^ such that for some /3 > d/2 and any radial function rj £ C'^ 
G> '. suppr/ C e R"^ : 2"! < |^| < 2}, one has 

(N ■ 

SUp||7?(-)"^(i-)|ll^2,,3(Kd) < 

o , 

0^ . where || • ||y(/2,/3(]jd) is the standard Sobolev norm on R'^, then the multiplier operator 

f ^ T-^{mTf), initially defined on LP{W^) n L'^{W^), is bounded on LP{W^) for 
1 < p < oo, and is of weak-type (1,1). Here J- denotes the Fourier transform. 
^ ■ Let (O, d{x,y)) be a metric space equipped with a positive measure fi. We assume 

that (il, d, /x) is a space of homogeneous type in the sense of Coifman- Weiss [9], that 
is, there exists a constant C > such that 

(1.1) l^{Bd{x, 2t)) < Cfi{Bd{x, t)) for every x G 0, t > 0, 

where Bd{x,t) = {y £ Q : d{x,y) < t}. The condition (1.1) implies that there exist 
constants C > and g > such that 

(1.2) iJL{Bd{x,st)) < Cos''fi{Bd{x,t)) for every x G Q, t > 0, s > 1. 

Of course we wish to get q as small as possible even at the expense of large Cq. 

Let {Tt}t>o be a semigroup of linear operators on L'^{Q, dfj.) generated by — L, 
where L is a non-negative, self-adjoint operator which is injective on its domain. 
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Assume the operators Tt have the fohowing form 

(1-3) Ttf{x)= [ Tt{x,y)fiy)dfiiy), 

Jn 

where the kernels Tt{x,y) satisfy Gaussian bounds, that is, there exist constants Co, 
Co > such that for every x, y G t > 0, we have 

(1-4) \Tt[x,y)\ < — 7=7 exp 



V{x, y/i) V Cot 

where here and subsequently V{x,t) = iJ,{B(i{x,t)). The estimate (1.4) implies that 
for every k eN there exist constants Ck,Ck > such that 



(1.5) 



Qk 

^nix,y) 



< — -^^exp f-fe^ ) for x,ye n, t > 0. 
- tW{x,^rt) \ Ckt ' 



The constants C^, Cfc in (1.5) depend only on k and the constants C, Cq, q, c in (1.2) 
and (1.4). 

For a suitable function / (e.g., from L^(ri)) we consider the square function Shf 
associated with L defined by 

2 dn{y) dt \ 



(1.6) SU{x)=(ff \t'LT,2f{y)f 

\JJr(x) 



\x) V{x,t) t J 

where T(x) = {{y,t) G x (0,oo) : d{x,y) < t}. 

Following [2], [3], [36] (see also [4], [23]) we define the Hardy space = Hl^g^(n) 
as the completion of {/ G L'^(n) : \\Shf\\Li{n) < oo} in the norm = \\Shf\\Li{n)- 

It was proved in Hofmann, Lu, Mitrca, Mitrea, Yan [36] that the space Hj^, where 
—L generates a semigroup having Gaussian bounds, admits the following atomic de- 
composition. 

Let M > 1, M e N. A function a is a (1,2, M)-atom for Hj^ if there exist a ball 
B = Bd{yo, r) = {y e ^ : d{y, yo) < r} and a function b G P(L^) such that 

(1.7) a = L^b; 

(1.8) suppL*^6cB, fe = 0,l,...,M; 

(1.9) \\ir^L)'^bU2^n)<r'^'m-'^', k = 0,l,...,M. 
The atomic norm ||/||iji.atom defined by 

ll/ll/fi-atom = infX]l'^jl' 

j 

where the infimum is taken over all representation / = ^j^ji where aj are (1, 2, M)- 
atoms for Hj^, Xj G C. Theorem 7.1 of [36] asserts that there exists a constant C > 
such that 

(1-10) t^"'ll/lli/i<ll/llHi-atom<t^ll/lli/i- 

Let 

(1.11) Lf= r XdEL{\)f 
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be the spectral resolution of L. 

Our first goal in this paper is to present a simple proof of the following spectral 
multiplier theorem. 

Theorem 1.12. Let m be a bounded function defined on (0,oo) such that for some 
real number a > q/2 and any nonzero function r] G C^{2~^ ,2) there exists a constant 
Cr^ such that 

(1.13) sup||r/(-)"z(t-)llvy-'.«(K) <Cri^ 

t>o 

where ||-P'||vfp'«(m) = ~ /dx'^)"'^'^ F\\]^p^^y Then the spectral multiplier operator 

POD 

(1.14) m(L) = / m{\)dELiX), 

Jo 

m,aps {l,2,l)-atoms for into H\. Moreover, there exists a constant C > such 

that 

(1.15) \\m{L)a\\j^i < C for every (1,2,1) -atom. 

Remark 1.16. If we additionally assume that for every y & ^ there exist constants 
«; > and c > such that ix{Bd{y,s)) > cs'^ for s > 1, then the operator m(L) 
extends uniquely to a bounded operator on Hj^ (see Section 5 for details). 

Remark 1.17. It turns out that if we replace (1.13) by the stronger condition 

(1.18) sup ||77( • )m{t ■)\\w^,c(u) < Cr,, 

with some a > {q + l)/2, then the multiplier theorem holds for Hardy spaces asso- 
ciated with more general semigroups, that is, semigroups satisfying Davies-Gaffney 
estimates. This will be discussed in Section 4. We present two seemingly similar the- 
orems with two different proofs. The first proof, thanks to [34], could be also adapted 
to cover the case of a broader class of semigroups with integral kernels of a very mild 
decay. The other one does not even require the existence of integral kernels of the 
semigroups under consideration, however depends very much on the finite speed prop- 
agation of the wave equation associated with generators which is in fact equivalent to 
Davies-Gaffney estimates, see, e.g., [45], [10]. 

Spectral multiplier theorems on various spaces attracted attention of many authors 
(see, for example, [1], [6], [7], [11], [12], [15], [18], [19], [30], [32], [33], [35], [40], [43], 
[44], [46], and references there). E. M. Stein [46] proved that il — A is the infinitesimal 
generator of a symmetric diffusion semigroup and m is of Laplace transform type, 
then m{A) is bounded on L^, 1 < p < oo. E. Stein and A. Hulanicki (see [30]) noticed 
that if —A is a sublaplacian on a stratified Lie group G, then the convolution kernel 
of the operator m,{A) satisfies Caldcron-Zygmund type estimates. This fact together 
with atomic decompositions of the Hardy spaces HP{G) leads to a spectral multiplier 
theorem on these spaces (see [30, Theorem 6.25]). The finite speed propagation of 
the wave equation was used by Sikora [44] and [45] for proving bounds for certain 
operators. Actually, the technique of the proof of Lemma 4.8 is taken from [44]. 

The development of the theory of real Hardy spaces in had its origin in works 
Stein- Weiss [47] and Fefferman-Stein [29]. An important contribution to the theory 
were atomic decompositions proved by Coifman [8] for d = 1 and Latter [38] for cZ > 1. 
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The extension of on the spaces of homogenous type is due to Coifman- Weiss [9] (see 
also [43]). Hardy spaces associated with various semigroups of linear operators were 
considered by many authors. For their properties and equivalent characterizations we 
refer the reader to [2]-[5], [13]-[28], [31], [36], [41], [42]. 



2. Functional calculi 

For /3 > let ojp{x,y) = (1 + d{x,y))^ . The function is submultiplicative, that is, 
i^p{x,y) <iOp{x,z)u!p{z,y). 

For an integral kernel k{x, y) and /3 > we define 

\\Kx,y)\\u{i3) =sup / \k{x,y)\{l + d{:x,y)f dn{y) 
xeQ. J 

+ sup \k{x,y)\{l + d{x,y)fdn{x). 

yeCl J 

The following theorem is a consequence of (1.4) and results of W. Hebisch [34, 
Theorem 2.10]. 

Theorem 2.1. Let {^l,d, fi) and {Tt}t>o satisfy (1.2) and (1.4) respectively. For 
a, P > with a > P + q/2 there exists a constant C > such that for every function 
T] G W^'°'{M.) with suppry C (1/4,4) the multiplier operator 



/■oo 

r,{L)f= / vWdEL{X)f 
Jo 

viL)f{x)= [ n{L){x,y)f{y)dix{y) 



is of the form 



with 

(2-2) \\ri{L){x,y)\\^(^p) < C'\\ri\\w^,c.(^). 

The constant C in (2.2) depends only on a, /3 and the constants C, q from (1-2) and 
constants Co, cq from (1.4)- 

In this paper we shall use the following scaling argument. For r > 0, let di'^^{x, y) = 
T~^/^d(x, y). Then the space {Q,d^'^\x,y), iJ.) is the space of homogeneous type such 
that 

(2.3) Vr{x, St) = fl{B^i^y {x, St)) < Cs'i^x{B^{r} (x, t)), s > 1, 

with the same constants C, g as in (1.2). Similarly, let L^'^^ = tL and {T^^^}t>Q be 
the semigroup generated by —L^'^^. Clearly, T^^\x,y) = TTt{x,y) are the integral 
kernels of T^'^^. Hence, for = 0, 1, 2, we have 



Ck f d^^^x,y)^\ ^ 

< -, — / exp y_^yi_ for x,y en, t> 0, 

- tkVrix,Vt) \ Ckt 



(2.4) 

with the same constants Ck,Ck as in (1.4) and (1.5) independent of r. 



MULTIPLIERS FOR HARDY SPACES 



Therefore, from Theorem 2.1 we conclude that 
(2.5) 

Jjr,{rL)ix,y)\ (^1 + diJi{y) + j^\n{TL){x,y)\ (^1 + diJi{x) 

< C'||r7||vi/°°.«(M), 
provided suppry C (4""^, 4), a> P + g/2. 

Proposition 2.6. Assume that m satisfies the assumptions of Theorem 1.12. For 
N =1,2, we set 

<i>f\x) = {t''Xfe-'"^m{X). 
Then there exist P > and C" > such that 

(2.7) |$f ^(i^)(x,y)| (l + d„ix) < C", 

(2-8) \^f\L)ix,y)\ (l + ^^d^y) < C". 

Proof. It suffices to prove (2.7) for i = 1 and then use the scahng argument. Fix a 
C^(^, 2) function such that 

(2.9) Yl ^(2"^ A) = 1 for A > 0. 

jez 

Denote nj(A) = V'(2~n)A^e-^m(A), nj{\) = nj{2^X) = tP{X){2^ X)^e-^'^m{2^ X). 
Clearly, suppn^ C (2~^,2) and 



(2.10) ||nj||tyoo,a(R) < 



C2-^ for j > 0; 
C2^^ for j < 0. 



Let < /3 < 1/2 be such that a> P + q/2. Applying (2.5) combined with (2.10) we 
obtain 



C2-^ for j > 0; 
C2^^ for j < 0, 



(2.11) \nj{L){x,y)\ (l + 2^/^dix,yj) d/x(x) < 

with the same bounds when integrating with respect to diJ,{y). Obviously, 

(2.12) f \^f\L){x,y)\d^i{x) <J2 [ \nj{L){x,y)\dfi{x) < C. 

Moreover, from (2.11) we also deduce that 

f \<l>f\L)ix,yMx,yfd,,ix)<J2[ \nj{L){x,y)\d{x,y)^ dfi{x) 

(2.13) 

< J2 C2-^-^/^ + J2 C'2^'^-^'^/2 < C', 

j>0 j<0 

which implies (2.7) for t = 1. To prove (2.8) we proceed in the same way. □ 
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Lemma 2.14. For N = 1 or N = 2, let 
(2.15) 



®f^\x,y)= sup sup \^f^\x',y)\. 



2J <t<2i+i d{x,x')<t 

Then there exist constants C > and /3 > such that 



(2.16) 



1 + 



2i 



dn{x) < C. 



Proof. Fix 2^ <t< 2^+^ and let d{x,x') < t. Since 

$f)(A) = {2'-Hf'' eM-it' - 22(^-^))A)$<a(A) 
and V{x', {t^ - 220-1)) V2) ^ V{x,2i) for d{x,x') < t, we have 



^f\x',y)\ = {2'-Hr 



Tt2_22u-i) {x, ^)^2?i y) ^i^(^) 



(2.17) 



,„ f exp(-d(x',z)Vco(t2-220--i))) 
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Jn 



Using (2.17) and Proposition 2.6 we obtain 



^ d{x,y) 



< C 

<c' 



nJn V{x,2J) 



'^':;Mz,y)\ 1+ 



2-? 



2J 



diJ,{z) dii{x) 



□ 



3. Proof of Theorem 1.12 

It suffices to establish that there exists a constant C such that for every (1,2, 1)- 
atom a for we have 

(3.1) ||5ft(m(L)a)|Ui(n)<C. 

Our proof of (3.1) borrows ideas from [17]. Let a be a (1, 2, l)-atom for H\ and let 
b and B = Ba{yo,r) be as in (1.7)-(1.9). Since Sh is bounded on ^^(O), we have 
(3.2) 

\\Shm{L)a\\Li^B,{yo,2r),di^) < C'||m(L)a|U2(n)/^(5) < C\\a\\L^n)f^{B)^/^ < C. 
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It suffices to estimate Shm{L)a on {2BY, where 2B = Bd{yo,2r). Clearly, $^^^(L)a 
t-^^l^\L)b. Set jo = log2r. Then 

{S,m{L)a{x)f = [[ \t\LT,.m{L)a){x')f ^* 



j^lJ2i Jd{x,x')<t 

= E / / 

+ E / / 

A^A.J^J Jd{x,x')<t 



$f>(L)a(x'; 



(L)6(x0 



t) t 
V{x',t)T 

V{x',t)T 
2 (iAt(x') 



F(x',t) t 



Using (2.15) we have 



(3.3) 

{Shm{L)a{x)f < C V 



/ ef (x,y)|a(y)|cZMy) 

+ C'E r / f/ i-'ef (x,2/)|6(y)|ciM2/))' 

ex, J2j Jd(x,x')<t \Jn J 



dfi{x') dt 



< 



^12 if (x,y)|a(y)|W 
+ (^2-2^ef (x,y)|5(y)|dM(y)) , 



V{x',t) t 



dfiix') dt 
V{x',t)T 



because 



ri 

J23 Jd(x,x' 



dii{x') dt 
'd{x,x')<t V{x',t) t 



< C. 



From (3.3) we trivially get 



{Shm{L)a){x) 

^ I Y.J^^f^('^'yMy)\dKy) + J2j^2-''efix,y)\biy)\di,iy) 



< 



\j<jo ' 



3>30 



Applying Lemma 2.14 we obtain 
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(3.4) 

{Shm{L)a){x) dii{x) 

(2BY 

^J{2B)cJd{y,yo)<r \ ^ J \r J 

+ ^E / / 2-^^@f {x,y)\b{y)\d,i{y)dp.{x) 

j^j^ J{2BY Jd{y,yo)<r 

^^E / (-y\aiy)\dfi{y) + C^2-^^f \b{y)\di,{y) dfi{x). 

j<jo •' <^iy^yo)<'r V ^ / j>jg Jd{y,yo)<r 

By the Cauchy-Schwarz inequality ||a||Li(n) < 1 and < r^. Since 2^° ~ r, we 

easily conclude from (3.4) that 

/ {Shm{L)a){x) djiix) < C, 

J d{x,y())>2r 

which together with (3.2) completes the proof of (3.1) 

4. Spectral multiplier theorem for semigroups satisfying 
Davies-Gaffney estimates. 

Let {7t}t>o be a semigroup of linear operators on L^(r2) generated by —C, where C 
is a non-negative, self-adjoint operator which is injective on its domain. We assume 
that {7t}t>o satisfies Davies-Gaffney estimates, which briefly speaking means that 

(4.1) |(7;/i,/2)| < Cexp |^_MELiM^ ||/i||L^(n)ll/2||L^(n) 

for every /j G L^(r2), supp/j C Ui, i = 1,2, Ui are open subsets of $7 (see e.g., [10], 
[36] for details). 

The Hardy space Hj^, defined as in Section 1 by means of L^{Q) bounds of the 
square function (1.6), were considered by Auschcr, Mcintosh, Russ [3] and Hofmann, 
Lu, Mitrea, Mitrea, Yan [36]. It was proved in [36] that the space Hj^ admits atomic 
decompositions into (1, 2, M)-atoms associated with £, provided M > q/4, M G N 
(see [36]). Clearly, L is replaced by jC in the definition (1.7)-(1.9) of (1, 2, M)-atoms 
for H^. 

In this section we show that the following spectral multiplier theorem holds for 
Hardy spaces associated with semigroups satisfying the Davies-Gaffney estimates. 

Theorem 4.2. Let M > q/4, M G N. Assume m be a bounded function defined 

on (0, oc) such that for some real number a > (g' + l)/2 and any nonzero function 
r] G C^(2~^,2) the condition (1-18) holds. Then there exists a constant C > such 
that 

(4.3) \\m{C)a\\jji^< C for every {l,2,2M)-atom a for the space H}^. 
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Fix e > and M > q/A, M G N. We say that a function a is a (1, 2, M, e)-molecule 
associated to £, if there exist a function b G T>{C^) and a bah B = Ba{yo, r) such 
that 

(4.4) a = C^h- 



(4.5) \\{r^Cfh\\L-{U,B)) < r2^2-^-^F(yo,2^r)-V2 

for k = 0,1,..,M, j = 0,1,2,.., where Uo = B, Uj{B) = Bd{yo,2^r) \ Bdiyo,2^-'r) 
for j > 1. 

It was proved in [36, Corollary 5.2] that every (1, 2, M, £)-molecule a belongs to 
and 

(4-6) ||a||^i < Cm. 

Of course the condition (1.18) is invariant under the change of variable A i— >■ A* in 
multipliers. Hence (4.3) will be established if we have proved the following proposition 
for VZ. 

Proposition 4.7. Assume that m satisfies (1.18). Fix M > q/A, M G N. Then there 
exists e > such that for every (1, 2, 2M)-atom a for the function 

a{x) = m{VC)a{x) 

is a multiple of {1,2, M,e) -molecule. The multiple constant is independent of a. 

Proof. Let a be a (1, 2, 2M)-atom for and let b and B = Ba{yo, r) be as in (1.7)- 
(1.9). Set b = m{-\/C)C^b. Clearly, a = £^b. In order to complete the proof of the 
proposition is suffices to verify (4.5). To do this we need the following lemma. 

Lemma 4.8. Let 7 > 1/2, /3 > 0. Then there exists a constant C > such that for 
every even function F G W^^''''+'^/^(M) and every g G L^(i7), suppg" C B(i{yo,r), we 
have 





j 

Jd{. 



'd{x,yo)>2r 

for j G Z. 



\F{2-^VC)g{x)\' df^ix) < C{r2^r^\\F\\l.,^,^,M\hin) 



Proof of the lemma. The lemma seems to be well-known. For the convenience of the 
reader we provide a proof. To this end we borrow methods from [44] . Since F is even, 

F{2-^VC)g = ^ [ F(0cos(2-^eVZ)5dC, 

where F = TF is the Fourier transform of F. The Davies-Gaffney estimates (4.1) 
imply the finite speed propagation of the wave equation Cu + utt = ^ (see, e.g., [45], 
[10]), which means that there exists a constant C" > that 

supp cos(2-^'cVZ)5 C Bd{yo,r + C'2-^\i\). 
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Hence, 



d{x,yo)>2r 



\F{2-^VZ)g{x, 



,2 idi-,yo)Y^^^y' 



-il 

\Jd(x. 



yo)>2r 



<C I 1/ \F{0\'\cos{2-^^VC)gix 

IC2-i\^\>2r \J2r<d{x,yo)<C2-3\^\ 
P/2 



\ 1/2 



<c [ m)\ 

JR 



2-^l?l 



<C''{r2^)-^/^F\\^,,,+,/4g\\L2^ny 



□ 



We are now in a position to complete the proof of Proposition 4.7. Fix £ > 

and 7 > 1/2 such that j + e + q/2 = a. Set (3 = q + 2e. Then 7 + /3/2 = a. Let 
jo = — log2 r. For an integer number k, < k < M, write 

(4.9) 

{r^C)''b = r^'' Yl V'(2"^VZ)m(\/Z)/:'=+^6 + r^*^ ^ ^{2-^ ^)C^ m{VC)C% 

3>30 j<jo 

= r'^^ V'(2~^VZ)m(VZ)5i + r'^^ ^ V(2"^VZ)>C^m(VZ)52, 

where = C^~^^^b, g2 = C^b. Since a is a (1, 2, 2M)-atom for C associated with 
B = Bd{yo,r) and b (see (1.7)-(1.9)), we have 



(4.10) 



„ II ^ 2M-2k,,fr>\-l/2 11 II ^ 4M-2fe, /D\-l/2 

9i\\L2(n)<r n{B) ' , \\g2\\L'^(n) <r n{B) ' 



Put 



(4.11) 



p = f"i(2^A)^(A) for j > jo; 

^ |22^^m(2JA)A2^V(A) for j < jo; 



and extend each Fj to the even function. Clearly, 



(4.12) 
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Using Lemma 4.8 combined with (4.9) - (4.12), we get 



(1, 



1/2 



(4.13) 



J/o)>2r 

< Cr^'^ ^(r2^)-^/2||F,-||^2,a(K)||5i||L2(Q) 

i>io 

+ Cr2'^^(r2^-)-''/'ll^;-||vy2.«(M)ll52||L2(Q) 

i<io 

< Cr2^M(S)~'/'- 



Moreover 
(4.14) 



< Cr2*=||m|Uoc(K)|bi||L2(n) < Cr^"^ f^iB)-'/^ 
Let j eZ, j > 0. Applying (4.13) and (4.14) we obtain 

Wir'mWhiu.iB)) < C 1^ ^^^ \{r'crb{x)\' (l + fe^) 

< CV^2-2j^F(yo,2Jr)-\ 
where in the last inequality we have used (1.2). □ 

5. Remarks 

1. Assume that —L generates a semigroup with Gaussian bounds. If we addition- 
ally assume that the space {^l, d, n) is such that for every y G there exists n = n{y) 
and c = c{y) > such that 

(5.1) fi{Bd{y,s))>cs^ fors>l, 

then the multiplier operator m{L) (sec (1.14)) extends uniquely to a bounded operator 
on H\. To see this we define the space T of test functions in the following way: a 
function g belongs to T if there exist f > 0, a ball Bd{y^ r), and a function ( G L°°{Q,) 
such that suppC C Bd{y,r) and g = TtC- Wa say that gn converge to go in T if 
there exist t > 0, a ball B = Bci{y,r), and functions such that supp^^ C B, 
sup||Cn||oo < oo, 5r„ = TtCn, and (nix) Coi^) a.e. Clearly, 1 C LPip.) for every 
1 < p < oo. One can easily prove that if / G L^{Cl) is such that fgdiJ, = (} for 
every g then / = 0. 

Lemma 5.2. Assume that m satisfies (1.13). Then fh{L) maps continuously T into 

Proof. Recall that a > q/2. Observe that there exists a constant C > such that for 
every function n(A) such that n G M^°°'"(M), suppn C (2-'^^, 2-''^^), one has 

(5.3) \n{L){x,y)\ < Cfi{Bdiy,2-^/^))-'\\n{2^-)\\woo,c.m- 
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It suffices to prove (5.3) for j = and then use the scahng argument. Set ^(A) = 
e'^n(A). Then ||^||vk°°'«{m) ~ l|'^l|vK°°.«(M)- Hence, by Theorem 2.1, 

\niL){x,y)\ < J \^iL){x,z)Ti{z,y)\diJ,{z) < CiJ,{Bd{y,l))~^\\n\\w^'"{R)- 

Assume that g £ Z. Then there are t > 0, B = Bci[yo,r), and a bounded function 
such that g = TtC, supp^ C B. Of course we can assume that r > 1. Let tp be as in 
(2.9). Let nj(A) = m(A)VX2--'A)e-*^. Then 

ffi{L)g{x) = ^nj{L)C{x) = ^ / nj{L){x,y)C{y) dn{y). 

Set jo = — 21og2r-. Obviously \\nj{2^ ■ )\\w'=°'°'{M.) < Ce"'^^''*. Thus 

(5.4) y)\<CY. f(^d(y^ 2-^/2))-^ + CJ2 e~'*'V(5d(y, 2-^/2))-\ 

j j<jo j>jo 

By (5.1) there exist c{yo) and k = k(j/o) > such that for y G B(i{yo,r) and j < jo 
we have 

(5.5) fi{B,{y, 2-^/2)) ~ ^(i?,(yo, 2-^/^)) > c(yo)2-^'^/^ 
On the other hand, by (1.2), for y G Baiyo, r) and j > jo, we have 

(5.6) KBdivo, r)) ~ ^(i?d(y, r)) < C(2^/2r)V(Sd(y, 2-^/2)). 
Prom (5.4)-(5.6) we conclude that there exists a constant C{yo,r) such that 

Y\nj{L){x,y)\ < C{yo,r) for a: G O and y G -B<i(yo, r). 

□ 

We arc now in a position to define the action of m{L) on the space L^(p,) in the 
weak (distributional) sense by putting 



{m{L)f,g)= / f{x)m{L)g{x)dn{x). 
Jn 



Let us observe that m(L) is uniquely defined on iJ^. Indeed, if / = J2j ^j^^j^ where aj 
are (1,2, l)-atoms, Xj G C, ^ |Aj| ~ < oo then, by Theorem 1.12 and Lemma 

5.2, for every ^ G T we have 



ww,.>^/(Ev.w)ro)*(= 

Jn ■ 

= / aj{x)fh{L)g{x)dfi{x) 

T 

= ^Aj / m{L)aj{x)g{x)dn{x) 



J2 (a;) c^/^(a;)- 
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Since \jm{L)aj belongs to L^{Q), we obtain that m{L)f = Xjm{L)aj, which 
gives the required uniqueness. Obviously, ||m(L)/||^i < C||/||^i. 

2. One of distinguished examples of semigroups of linear operators with Gaussian 
bounds is that generated by a Schrodinger operator —A = A — V on W^, where V is 
a nonnegative potential such that V G Lj^^{M.'^). By the Feynman-Kac formula the 
integral kernels pt{x,y) of the semigroup e~^^ satisfy 

< Pt{x,y) < (47rt)-'^/2gxp(_|^ _ yf/4t). 

Clearly, considering {W^, d{x,y) = \x — y\, dx) as a space of homogeneous type, wc 
have that (1.2) and (5.1) hold with q = d. Thus, as a corollary of Theorem 1.12, we 
obtain that any bounded function m : (0, oo) — )■ C which satisfies (1.13) with a > d/2 
is an H\ spectral multiplier for A. 

We would like to remark that the space H\ admits also characterization by means 
of maximal function from the semigroup e~*"^ (see [36]). Using arguments similar 
to those of [19] one can prove the spectral multiplier theorem on Hardy spaces asso- 
ciate with the Schrodinger operators by applying both atomic and maximal function 
characterizations. 

Another molecule decomposition of Hardy space associated with semigroups 
generated by Schrodinger operators was communicated to us by Jacek Zienkiewicz 
[48]. These decompositions also lead to multiplier theorems. 

Acknowledgment. The authors would like to thank Pascal Auscher, Frederic 
Bernicot, and Pawel Glowacki for their valuable comments. 
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